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FERMIONIC 6J-SYMBOLS IN SUPERFUSION CATEGORIES
ROBERT USHER
Abstract. We describe how the study of superfusion categories (roughly
speaking, fusion categories enriched over the category of super vector spaces)
reduces to that of fusion categories over sVect, in the sense of [DGNO10]. Fol-
lowing [BE16], we give the construction of the underlying fusion category of
a superfusion category, and give an explicit formula for the associator in this
category in terms of 6j-symbols. We give a definition of the pi-Grothendieck
ring of a superfusion category, and prove a version of Ocneanu rigidity for
superfusion categories.
1. Introduction
In condensed matter physics, the use of fusion categories to construct topolog-
ical quantum field theories is reasonably well understood. In [TV92] and [Tur94],
Turaev and Viro constructed invariants of 3-manifolds from quantum 6j-symbols,
and showed that these lead to a 3-dimensional non-oriented topological quan-
tum field theory. Barrett and Westbury [BW96] showed that these invariants can
be constructed from any spherical fusion category. Following this, Kirillov and
Balsam [KB10], and Turaev and Virelizier [TV10] proved that the Turaev-Viro-
Barrett-Westbury invariants of a spherical fusion category A are the same as the
Reshetikhin-Turaev invariants [RT91] derived from Z(A).
More recently, Douglas, Schommer-Pries and Snyder [DSS13] showed that fu-
sion categories are fully dualizable objects in the 3-category of monoidal cate-
gories, and so by the cobordism hypothesis [Lur09] we can associate a fully local
3-dimensional TQFT to any fusion category.
Gaiotto and Kapustin [GK15], following the work of Gu, Wang and Wen
[GWW10] described a fermionic analogue of the Turaev-Viro construction whose
initial data is a spherical superfusion category, and Bhardwaj, Gaiotto and Ka-
pustin [BGK16] have further studied spin-TQFTs. In comparison to the fusion
category case however, not much is known about how to construct TQFTs using
superfusion categories.
A superfusion category over k is a semisimple rigid monoidal supercategory
(i.e. a category enriched over sVect) with finitely many simple objects and finite
dimensional superspaces of morphisms, with simple unit object. In particular,
the collection of morphisms between objects forms a super vector space, and the
tensor product of morphisms satisfies the super interchange law
(f ⊗ g) ◦ (h⊗ k) = (−1)|g||h|(f ◦ h)⊗ (g ◦ k)
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Following [GWW10], a simple object X is called Bosonic if End(X) ' k1|0, and
Majorana if End(X) ' k1|1. A superfusion category is called Bosonic if all of its
simple objects are Bosonic. Since the unit object in any superfusion category is
necessarily Bosonic, there are no Majorana superfusion categories.
In this paper, we give the construction of the underlying fusion category of a
superfusion category, using a construction described by Brundan and Ellis [BE16].
The underlying fusion category of a superfusion category is naturally endowed
with the structure of a fusion category over sVect (in the sense of [DGNO10,
Definition 7.13.1]), the category of super vector spaces together with the even
linear maps between them.
The associator in a semisimple tensor category (in particular, a fusion category)
admits a description in terms of 6j-symbols satisfying a version of the pentagon
equation, see i.e. [Tur94], [Wan10]. In a similar way, the associator in a super-
fusion category can be described in terms of fermionic 6j-symbols satisfying the
super pentagon equation [GWW10].
The main goal of this paper is to describe the relation between a superfusion
category and its underlying fusion category. More precisely, we give an explicit
formula for the 6j-symbols of the underlying fusion category in terms of the
fermionic 6j-symbols of the superfusion category, and show that these 6j-symbols
satisfy the pentagon equation.
If C is a Bosonic pointed superfusion category, i.e. a Bosonic superfusion
category such that the isomorphism classes of simple objects form a group G,
then the fermionic 6j-symbols in C are described by a 3-supercocycle [GWW10]
F˜ : G3 → k× satisfying
F˜ (g, h, k)F˜ (g, hk, l)F˜ (h, k, l) = (−1)ω(g,h)ω(k,l)F˜ (gh, k, l)F˜ (g, h, kl)
where ω ∈ H2(G,Z/2Z) is a 2-cocycle on G. In this situation, our formula for
the 6j-symbols on the underlying fusion category gives a 3-cocycle on the Z/2Z-
central extension of G determined by ω, whose restriction to G is F˜ . In particular,
this implies that every 3-supercocycle on G arises as the restriction of a (genuine)
3-cocycle on a central extension of G by Z/2Z.
We also define the pi-Grothendieck ring sGr(C) of a superfusion category C,
which is an algebra over Zpi := Z[pi]/(pi2 − 1), and describe the relation between
the pi-Grothendieck ring of C and the Grothendieck ring of the underlying fusion
category C+pi . As a corollary of this, we deduce a version of Ocneanu rigidity for
superfusion categories.
2. Fusion categories
Let k denote an algebraically closed field of characteristic 0.
Definition 2.1 ([ENO02]). A fusion category over k is a semisimple rigid k-linear
monoidal category A with finitely many isomorphism classes of simple objects and
finite-dimensional spaces of morphisms such that the unit object is simple.
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In this section, we recall how the associator
a : (−⊗−)⊗− ∼−→ −⊗ (−⊗−).
in a fusion category can be described in terms of 6j-symbols, closely following the
discussion in [Wan10, Chapter 4], see also [Tur94, Chapter VI].
Example 2.2. The category Vec of finite-dimensional k-vector spaces is a fu-
sion category. More generally, if G is a finite group and τ ∈ H3(G,k×) is a
3-cocycle, then the category VecτG of G-graded finite dimensional k-vector spaces
with associativity defined by τ is a fusion category.
2.1. 6j-symbols. Let A be a fusion category, and Xi, i ∈ I representatives of
the isomorphism classes of simple objects in A. The monoidal structure on A
determines the fusion rules
Xi ⊗Xj '
⊕
m∈I
N ijmXm
where
N ijm = dim HomA(Xm, Xi ⊗Xj) = dim HomA(Xi ⊗Xj , Xm) ∈ Z≥0.
is the multiplicity of Xm in Xi ⊗Xj . The notion of admissability will be useful.
Definition 2.3 (see [Wan10, Definition 4.1]). Let A be a fusion category with
simple objects indexed by a set I. We say a triple (i, j,m) ∈ I3 is admissable if
N ijm > 0. A quadruple (i, j,m, α) ∈ I3×Z≥0 is admissable if (i, j,m) is admissable,
and 1 ≤ α ≤ N ijm . A decuple (i, j,m, k, n, t, α, β, η, ϕ) ∈ I6 × Z4≥0 is admissable
if each fo the quadruples (i, j,m, α), (m, k, n, β), (j, k, t, η) and (i, t, n, ϕ) are ad-
missable.
Remark 2.4. A fusion category is called multiplicity-free if N ijm ∈ {0, 1} for all
i, j,m ∈ I [Wan10, Definition 4.5]. In the multiplicity-free case, an admissable
decuple is completely described by the sextuple (i, j,m, k, n, t), in which case this
definition recovers [Wan10, Definition 4.7].
That the triple (i, j,m) is admissable is equivalent to saying that Xm is a direct
summand of Xi ⊗Xj . For each admissable triple (i, j,m), choose a basis for the
space
HomA(Xi ⊗Xj , Xm).
Admissable quadruples of the form (i, j,m, α) then label the basis vectors of
HomA(Xi⊗Xj , Xm). We denote these basis vectors by eijm(α), where 1 ≤ α ≤ N ijm .
We wish to describe the associator a(Xi, Xj , Xk) : (Xi⊗Xj)⊗Xk → Xi⊗(Xj⊗Xk)
in terms of our chosen basis. Indeed, fixing admissable quadruples (i, j,m, α) and
(m, k, n, β), we have the composition
(1) (Xi ⊗Xj)⊗Xk
eijm(α)⊗idXk−−−−−−−−→ Xm ⊗Xk e
mk
n (β)−−−−→ Xn
which we may represent graphically as
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β
α
i j
m
k
n
Let t ∈ I. If (j, k, t, η) and (i, t, n, ϕ) are admissable, then we have the composition
(2) (Xi ⊗Xj)⊗Xk a(Xi,Xj ,Xk)−−−−−−−−→ Xi ⊗ (Xj ⊗Xk)
idXi⊗e
jk
t (η)−−−−−−−−→ Xi ⊗Xt e
it
n (ϕ)−−−−→ Xn
which we may represent graphically as
ϕ
η
n
t
i j k
a(Xi, Xj , Xk)
Fix i, j, k, n ∈ I. Taking the direct sum of the above compositions over all t ∈ I
such that (j, k, t, η) and (i, t, n, ϕ) are admissable gives an isomorphism [Tur94,
Lemma 1.1.1, Lemma 1.1.2]⊕
t∈I
HomA(Xj ⊗Xk, Xt)⊗HomA(Xi ⊗Xt, Xn) ∼−→ HomA((Xi ⊗Xj)⊗Xk, Xn)
ejkt (η)⊗ eitn (ϕ) 7→ eitn (ϕ) ◦ (idXi ⊗ ejkt (η)) ◦ a(Xi, Xj , Xk)
Expressing (1) in terms of this basis determines a constant F ijm,αβknt,ηϕ ∈ k for each
admissable decuple (i, j,m, k, n, t, α, β, η, ϕ) in A, defined by the graphical equa-
tion:
β
α
i j
m
k
n
=
∑
t∈I
Njkt∑
η=1
Nitn∑
ϕ=1
F ijm,αβknt,ηϕ
ϕ
η
n
t
i j k
a(Xi, Xj , Xk)
This describes the associator in A as a collection of matrices
F ijmknt : HomA(Xi⊗Xj , Xm)⊗HomA(Xm⊗Xk, Xn)→ HomA(Xj⊗Xk, Xt)⊗HomA(Xi⊗Xt, Xn)
whose entries are the constants defined above. The matrices F ijmknt are called
6j-symbols, as they depend on six indices. If (i, j,m, k, n, t, α, β, η, ϕ) is not ad-
missable, then by convention we set F ijm,αβknt,ηϕ = 0. The pentagon axiom in A is
then equivalent to the following equation in terms of 6j-symbols.
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Lemma 2.5 (Pentagon equation). Let A be a fusion category with simple objects
indexed by a set I. If i, j, k, l,m, n, t, p, q, s ∈ I and α, β, η, χ, γ, δ, φ ∈ Z≥0. Then
(3)
∑
t∈I
Njkt∑
η=1
N itn∑
ϕ=1
Ntls∑
κ=1
F ijm,αβknt,ηϕ F
itn,ϕχ
lps,κγ F
jkt,ηκ
lsq,δφ =
Nmqp∑
=1
Fmkn,βχlpq,δ F
ijm,α
qps,δγ
Example 2.6 (see Example 2.3.8 [EGNO15]). Continuing Example 2.2, the fusion
category VecτG has pairwise non-isomorphic simple objects {δg}g∈G satisfying δg⊗
δh ' δgh, so admissable quadruples are of the form (g, h, gh, 1) for all g, h ∈ G.
Thus given g, h, k ∈ G we can write F (g, h, k) := F ghk ∈ k× for the corresponding
6j-symbol unambiguously. The pentagon equation (3) then reduces to
F (g, h, k)F (g, hk, l)F (h, k, l) = F (gh, k, l)F (g, h, kl) g, h, k, l ∈ G
so F is a 3-cocycle on G with values in k×.
3. Superfusion categories
In this section we recall the definition of a superfusion category using the lan-
guage of [BE16], and describe the associator in a superfusion category in terms
of fermionic 6j-symbols, following [GK15]. By a superspace we always mean a
Z/2Z-graded k-vector space V . The parity of a homogeneous element v ∈ V will
be denoted by |v|.
Definition 3.1. Let sVect be the category whose objects are superspaces, and
whose morphisms are even linear maps, i.e. linear maps preserving the grading.
We can make sVect into a monoidal category by defining the tensor product of
superspaces V and W to be the superspace V ⊗W with (V ⊗W )0 := (V0⊗W0)⊕
(V1 ⊗W1) and (V ⊗W )1 := (V1 ⊗W0) ⊕ (V0 ⊗W1), with the tensor product of
morphisms defined in the obvious way. The braiding
cV,W (v ⊗ w) = (−1)|v||w|v ⊗ w
defined on homogeneous v ∈ V and w ∈ W makes sVect into a symmetric
monoidal category.
Definition 3.2 (see [BE16, Definition 1.1] and [Kel05, Section 1.2] for details).
A supercategory is a sVect-enriched category. A superfunctor between supercat-
egories is a sVect-enriched functor, and a supernatural transformation between
superfunctors is a sVect-enriched supernatural transformation. We say a super-
natural transformation is even if all its component maps are even.
In particular, if A is a supercategory, then HomA(X,Y ) is a superspace for all
X, Y ∈ A, and composition
HomA(Z, Y )⊗HomA(X,Y )→ HomA(X,Z)
is an even linear map for all X,Y, Z ∈ A.
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Remark 3.3. Given supercategories A and B, we can form their tensor product
A B. Objects of A B are pairs (X,Y ) with X ∈ A and Y ∈ B. Morphisms in
AB are given by HomAB((X,Y ), (W,Z)) := HomA(X,W )⊗HomB(Y, Z), with
composition in A B defined using the braiding in sVect, see [BE16] for details.
Definition 3.4 ([BE16, Definition 1.4]). A monoidal supercategory is a supercat-
egory D, together with a tensor product superfunctor −⊗− : DD → D, a unit
object 1, and even supernatural isomorphisms a : (−⊗−)⊗− ∼−→ −⊗ (−⊗−),
l : 1 ⊗ − ∼−→ − and r : − ⊗ 1 ∼−→ − satisfying axioms analogous to the ones of a
monoidal category. A monoidal superfunctor between monoidal supercategories
D and E is a superfunctor F : D → E such that F (1D) is evenly isomorphic to
1E , together with even coherence maps J : F (−)⊗ F (−)→ F (−⊗−) satisfying
the usual axioms.
An important feature of monoidal supercategories is the super interchange law
(f ⊗ g) ◦ (h⊗ k) = (−1)|g||h|(f ◦ h)⊗ (g ◦ k)
describing the composition of tensor products of morphisms. We recall the fol-
lowing definitions from [GWW10, Appendix C].
Definition 3.5. A superfusion category over k is a semisimple rigid monoidal
supercategory C with finitely many simple objects and finite dimensional super-
spaces of morphisms such that the unit object 1 is simple. A simple object X ∈ C
is Bosonic if HomC(X,X) ' k1|0, and Majorana if EndC(X) ' k1|1. A superfusion
category is called Bosonic if all its simple objects are Bosonic.
The unit object 1 in a superfusion category C is always Bosonic. Indeed, since
1⊗ 1 ' 1, the tensor product functor induces an embedding
HomC(1,1)⊗HomC(1,1)→ HomC(1⊗ 1,1⊗ 1) ' HomC(1,1)
which implies HomC(1,1) ' k1|0.
Remark 3.6. That C is rigid means that for each X ∈ C we have a left dual
X∗ ∈ C and a right dual ∗X ∈ C, together with even morphisms evX : X∗⊗X → 1,
coevX : 1→ X ⊗X∗, ev′X : X ⊗∗X → 1, and coev′X : 1→∗ X ⊗X satisfying the
usual equations, see [EGNO15, Section 2.10] for details.
3.1. Fermionic 6j-symbols. Let C be a superfusion category, and Xi, i ∈ I
representatives of the isomorphism classes of simple objects in C. The monoidal
structure on C determines the superfusion rules
Xi ⊗Xj '
⊕
m∈I
N ijmXm
where
N ijm = dim HomC(Xi ⊗Xj , Xm) = dim HomC(Xm, Xi ⊗Xj) ∈ Z≥0
i.e. N ijm is the dimension of the superspace HomC(Xi ⊗ Xj , Xm). With this
notation, our notion of admissable triple, quadruple, and decuple remain the same
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as in Definition 2.3. As in the fusion category case, for each admissable triple
(i, j,m) we choose a homogeneous basis for the superspace HomC(Xi ⊗Xj , Xm)
denoted by eijm(α), where 1 ≤ α ≤ N ijm . Let sijm(α) = |eijm(α)| denote the parity of
the corresponding basis vector.
Definition 3.7. We say that an admissable decuple (i, j,m, k, n, t, α, β, η, ϕ) is
parity admissable if
(4) sijm(α) + s
mk
n (β) = s
jk
t (η) + s
it
n (ϕ).
In exactly the same way as in the fusion category case, we define constants
F˜ ijm,αβknt,ηϕ ∈ k for each admissable decuple (i, j,m, k, n, t, α, β, η, ϕ) in C, defined by
the graphical equation
β
α
i j
m
k
n
=
∑
t∈I
Njkt∑
η=1
Nitn∑
ϕ=1
F˜ ijm,αβknt,ηϕ
ϕ
η
n
t
i j k
a(Xi, Xj , Xk)
Remark 3.8. We recover the parity admissability condition (4) by comparing
the parity of both sides of the above equation. In particular, the constant F˜ ijm,αβknt,ηϕ
is non-zero only for parity admissable decuples (i, j,m, k, n, t, α, β, η, ϕ).
This describes the associativity constraint in C as a collection of invertible matrices
F˜ ijmknt : HomC(Xi⊗Xj , Xm)⊗HomC(Xm⊗Xk, Xn)→ HomC(Xj⊗Xk, Xt)⊗HomC(Xi⊗Xt, Xn)
whose entries are the constants defined above. The matrices F˜ ijmknt are called
fermionic 6j-symbols. If (i, j,m, k, n, t, α, β, η, ϕ) is not (parity) admissable, then
by convention we set F˜ ijm,αβknt,ηϕ = 0. The super pentagon axiom in C is equivalent
to the following equation in terms of fermionic 6j-symbols, called the fermionic
pentagon identity in [GWW10].
Lemma 3.9 (Super pentagon equation). Let C be a superfusion category with sim-
ple objects indexed by a set I. If i, j, k, l,m, n, t, p, q, s ∈ I and α, β, η, χ, γ, δ, φ ∈
Z≥0, then
(5)
∑
t∈I
Njkt∑
η=1
N itn∑
ϕ=1
Ntls∑
κ=1
F˜ ijm,αβknt,ηϕ F˜
itn,ϕχ
lps,κγ F˜
jkt,ηκ
lsq,δφ = (−1)s
ij
m(α)s
kl
q (δ)
Nmqp∑
=1
F˜mkn,βχlpq,δ F˜
ijm,α
qps,δγ
Example 3.10. We say a superfusion category C is pointed if any simple object
X ∈ C is invertible, that is, there exists Y ∈ C such that X⊗Y ' Y ⊗X ' 1. Let C
be a Bosonic superfusion category, and let G be the (finite) group of isomorphism
classes of simple objects in C, and choose Xg, g ∈ G a set of representatives
of simple objects in C. Then Xg ⊗ Xh ' Xgh for all g, h ∈ G, so admissable
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quadruples in C are of the form (g, h, gh, 1) for all g, h ∈ G. Let ω(g, h) denote
the parity of the one-dimensional superspace HomC(Xg⊗Xh, Xgh), then the parity
admissability condition (4) implies
ω(g, h) + ω(gh, k) = ω(h, k) + ω(g, hk).
for all g, h, k ∈ G, so ω is a 2-cocycle on G with values in Z/2Z. The super
pentagon equation (5) implies
F˜ (g, h, k)F˜ (g, hk, l)F˜ (h, k, l) = (−1)ω(g,h)ω(k,l)F˜ (gh, k, l)F˜ (g, h, kl)
for all g, h, k, l ∈ G, so following [GWW10] we say F˜ is a 3-supercocycle on G.
4. Fusion categories over sVect
In this section, we show that every superfusion category is equivalent to a
Π-complete superfusion category (i.e. a superfusion category equipped with an
odd isomorphism ζ : pi
∼−→ 1), and give the construction of the underlying fusion
category of a Π-complete superfusion category, following [BE16].
Recall that a fusion category is braided if it is equipped with a natural isomor-
phism cX,Y : X⊗Y ∼−→ Y ⊗X satisfying well-known axioms, see [JS93, Definition
2.1], [EGNO15, Definition 8.1.1]. A monoidal functor between braided fusion cat-
egories is braided if it respects the braiding, see [JS93, Definition 2.3], [EGNO15,
Definition 8.1.7].
Definition 4.1 ([EGNO15, Definition 7.13.1]). The centre of a fusion category
A is the category Z(A) whose objects are pairs (Z, β) where Z ∈ A and
βX : X ⊗ Z ∼−→ Z ⊗X, X ∈ A
is a natural isomorphism such that the following diagram
X ⊗ (Z ⊗ Y ) (X ⊗ Z)⊗ Y
X ⊗ (Y ⊗ Z) (Z ⊗X)⊗ Y
(X ⊗ Y )⊗ Z Z ⊗ (X ⊗ Y )
a(X,Z,Y )−1
βX⊗idYidX⊗βY
a(X,Y,Z)−1
βX⊗Y
a(Z,X,Y )−1
is commutative for all X,Y ∈ A.
A morphism from (Z, β) to (Z ′, β′) is a morphism f ∈ HomA(Z,Z ′) such that
(f ⊗ idX) ◦ βX = β′X ◦ (idX ⊗ f)
for all X ∈ A.
Equipping Z(A) with the usual tensor product (see [EGNO15, Definition 7.13.1])
and braiding c(Z,β),(Z′,β′) := β
′
Z makes Z(A) into a braided fusion category, see
[EGNO15, Proposition 8.5.1 and Theorem 9.3.2].
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Definition 4.2 ([DGNO10, Definition 4.16]). A fusion category over sVect is a
fusion category A equipped with a braided functor sVect→ Z(A). Equivalently,
this is an object (pi, β) in the centre Z(A) together with an even isomorphism
ξ : pi ⊗ pi ∼−→ 1 such that
(6)
(ξ−1⊗idX)◦l−1X ◦rX◦(idX⊗ξ) = a(pi, pi,X)−1◦(idpi⊗βX)◦a(pi,X, pi)◦(βX⊗idpi)◦a(X,pi, pi)−1
for all X ∈ A, and
(7) βpi = −idpi⊗pi ∈ HomA(pi ⊗ pi, pi ⊗ pi).
In this situation we say (A, pi, β, ξ) is a fusion category over sVect.
In the language of [BE16], the quadruple (A, pi, β, ξ) is an example of a monoidal
Π-category.
Remark 4.3. In this section, we will often draw commutative diagrams with
associativity and unit isomorphisms omitted, unless confusion is possible. For
example, we represent Equation (6) as the diagram
pi ⊗X ⊗ pi
X ⊗ pi ⊗ pi pi ⊗ pi ⊗X
X
idpi⊗βX
idX⊗ξ
βX⊗idpi
ξ−1⊗idX
In addition we say that the diagram
X Y
Y ′ Z
g
k f
h
is supercommutative if h ◦ k = −f ◦ g.
4.1. The Π-envelope of a superfusion category.
Definition 4.4. Let C be a superfusion category, together with an object pi and
an odd isomorphism ζ : pi
∼−→ 1. In this situation, we say that (C, pi, ζ) is a
Π-complete superfusion category.
In particular, this implies that every object in C is the target of an odd isomor-
phism. It turns out that every superfusion category is equivalent to a Π-complete
superfusion category, by the following construction described in [BE16].
Definition 4.5 (see [BE16, Definition 1.16]). Let C be a superfusion category.
The Π-envelope of C is the rigid monoidal supercategory Cpi with objects of the
form Xa, where X ∈ C and a ∈ Z/2Z, and morphisms defined by
HomCpi(X
a, Y b)c := HomC(X,Y )a+b+c
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If f : X → Y is a homogeneous morphism in C with parity |f |, then let f ba denote
the corresponding morphism Xa → Y b which has parity a + b + |f | in Cpi. The
composition in Cpi is induced by the composition in C, and the tensor proper of
objects and morphisms is defined by
Xa ⊗ Y b := (X ⊗ Y )a+b
f ba ⊗ gdc := (−1)(c+d+|g|)+d|f |(f ⊗ g)b+da+c
The unit object of Cpi is 10, and the maps a, l, and r in C extend to Cpi in the obvious
way. The left dual of an object Xa ∈ Cpi is given by (X∗)a, where evaluation and
coevaluation morphisms are given by
evXa := (evX)
0
0 : (X
∗)a ⊗Xa → 10
and
coevXa := (coevX)
0
0 : 1
0 → Xa ⊗ (X∗)a
Similarly, the right dual of Xa ∈ Cpi is (∗X)a ∈ Cpi, where ev′Xa := (ev′X)00 and
coev′Xa := (coev
′
X)
0
0.
The functor J : C → Cpi sending X 7→ X0 and f 7→ (f)00 is full, faithful,
and essentially surjective, so C and Cpi are equivalent as superfusion categories.
However J need not be a superequivalence in general, indeed, in [BE16, Lemma
4.1] it is shown that J is a superequivalence if and only if C is Π-complete.
Definition 4.6. The superadditive envelope C+pi of a superfusion category C is the
superfusion category obtained by taking the additive envelope of the Π-envelope
of C.
In C+pi we have the odd isomorphism ζ := (id1)01 : 11 → 10, so (C+pi ,11, ζ) is a
Π-complete superfusion category.
4.2. The underlying fusion category of a Π-complete superfusion cate-
gory.
Definition 4.7. Let (L, pi, ζ) be a Π-complete superfusion category. The under-
lying fusion category L of L is the fusion category with the same objects as L,
but only the even morphisms.
Since (L, pi, ζ) is Π-complete, we can endow L with the structure of a fu-
sion category over sVect. Indeed, define the even supernatural transformation
β : −⊗ pi ∼−→ pi ⊗− by letting βX be the composition
X ⊗ pi idX⊗ζ−−−−→ X ⊗ 1 rX−−→ X l
−1
X−−→ 1⊗X ζ
−1⊗idX−−−−−−→ pi ⊗X
for X ∈ L. It is straightforward to check that β is an even supernatural transfor-
mation, and that (pi, β) is an object of the centre Z(L) of L. Let ξ = l1 ◦ (ζ ⊗ ζ) :
pi⊗pi ∼−→ 1, then ξ is even and thus may be viewed as an isomorphism pi⊗pi ∼−→ 1
in L. The following lemma is a special case of [BE16, Lemma 3.2].
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Lemma 4.8. (L, pi, β, ξ) is a fusion category over sVect.
Proof. We must show that equations (6) and (7) hold. For the former, observe
that ξ−1 = −(ζ−1 ⊗ ζ−1) ◦ l−11 by the super interchange law, so it is enough to
show that the following diagram
pi ⊗ pi ⊗X
X pi ⊗X
X ⊗ pi ⊗ pi
X ⊗ pi pi ⊗X ⊗ pi
ζ−1⊗idX
−ζ−1⊗ζ−1⊗idX idpi⊗ζ−1⊗idX
idX⊗ζ⊗idpi
idX⊗ζ⊗ζ
idX⊗ζ
ζ−1⊗idX⊗idpi
idpi⊗idX⊗ζ
is commutative. The super interchange law implies that the top (respectively
left) triangle commutes (respectively supercommutes), while supernaturality of
ζ−1 implies the rectangle supercommutes, and so the diagram is commutative.
For (7), consider the following diagram.
pi ⊗ pi pi ⊗ 1 pi 1⊗ pi pi ⊗ pi
1⊗ pi 1⊗ 1 1 1⊗ 1 pi ⊗ 1
idpi⊗ζ
ζ⊗idpi
rpi
ζ⊗id1
l−1pi
ζ
ζ−1⊗idpi
id1⊗ζ idpi⊗ζ
id1⊗ζ r1 l−11 ζ
−1⊗id1
The first and last cell supercommute by the super interchange law, while the
middle cells commute by naturality of l and r. Thus
(idpi ⊗ ζ) ◦ βpi =
[−(ζ−1 ⊗ id1)] ◦ [−(id1 ⊗ ζ) ◦ (ζ ⊗ idpi)]
and so βpi = (idpi ⊗ ζ−1) ◦ (ζ−1⊗ id1) ◦ (id1⊗ ζ) ◦ (ζ ⊗ idpi) = −idpi⊗pi by the super
interchange law. 
Thus to every Π-complete superfusion category there is a corresponding fusion
category over sVect. We now present the inverse construction, as given in [BE16,
§5].
Definition 4.9. Let (A, pi, β, ξ) be a fusion category over sVect. The associated
superfusion category Â is the Π-complete superfusion category with the same
objects as A, but with morphisms defined by
HomÂ(X,Y )0 := HomA(X,Y ) and HomÂ(X,Y )1 := HomA(X,pi ⊗ Y )
Let f ∈ HomÂ(X,Y ) and g ∈ HomÂ(Y,Z) be homogeneous morphisms in A,
then their composition g◦̂f in Â is defined in the obvious way, except when f and
g are both odd, in which case g◦̂f is induced by the composition
X
f−→ pi ⊗ Y idpi⊗g−−−−→ pi ⊗ (pi ⊗ Z) a(pi,pi,Z)
−1
−−−−−−−→ (pi ⊗ pi)⊗ Z ξ⊗idZ−−−−→ 1⊗ Z lZ−→ Z.
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The tensor product of objects in Â is identical to that in A. If f ∈ HomÂ(W,Y ),
g ∈ HomÂ(X,Z) are homogeneous morphisms, then their tensor product f⊗̂g :
W ⊗X → Y ⊗ Z is defined as follows:
• If f and g are both even, let f⊗̂g := f ⊗ g.
• If f is even and g is odd, let f⊗̂g := a(pi, Y, Z)◦ (βY ⊗ idZ)◦a(Y, pi, Z)−1 ◦
f ⊗ g.
• If f is odd and g is even, let f⊗̂g := a(pi, Y, Z) ◦ (f ⊗ g).
• If f and g are both odd, let f⊗̂g be induced by the composition
W ⊗X f⊗g−−→ pi ⊗ Y ⊗ pi ⊗ Z idpi⊗βY ⊗idZ−−−−−−−−→ pi ⊗ pi ⊗ Y ⊗ Z −ξ⊗idY⊗Z−−−−−−−→ Y ⊗ Z
where we have suppressed associativity and unit isomorphisms for brevity.
One can check on a case by case basis that the composition defined in Â is asso-
ciative. The most interesting case is when f ∈ HomÂ(W,X)1, g ∈ HomÂ(X,Y )1
and h ∈ HomÂ(Y, Z)1 are homogeneous odd morphisms. In this case, it suffices
to show that the following diagram
pi ⊗ (pi ⊗ Y ) (pi ⊗ pi)⊗ Y 1⊗ Y Y
pi ⊗ (pi ⊗ (pi ⊗ Z)) (pi ⊗ pi)⊗ (pi ⊗ Z) 1⊗ (pi ⊗ Z)
((pi ⊗ pi)⊗ pi)⊗ Z
pi ⊗ ((pi ⊗ pi)⊗ Z) (pi ⊗ (pi ⊗ pi))⊗ Z (1⊗ pi)⊗ Z
pi ⊗ (1⊗ Z) (pi ⊗ 1)⊗ Z pi ⊗ Z
id⊗(id⊗h)
a−1 ξ⊗id
id⊗h id⊗h
lY
hid⊗a−1
a−1
a−1
ξ⊗id
lpi⊗Z
a−1
βpi⊗pi⊗id
(ξ⊗id)⊗id
a−1
id⊗(ξ⊗id) (id⊗ξ)⊗id
β1⊗id lpi⊗id
a−1
id⊗lZ
rpi⊗id
is commutative. To see this, observe that βpi⊗pi = a(pi, pi, pi) by Equation (7), and
so the 5-sided cell commutes by the pentagon axiom. In addition, we have used
that rpi ◦ β1 = lpi for commutativity of the bottom right triangle. All other cells
commute by naturality or the triangle axiom.
It is a similar exercise to check that the tensor product defined in Â satisfies
the super interchange law. As before, the most interesting case is when f ∈
HomÂ(W,Y )1, g ∈ HomÂ(X,Z)1, h ∈ HomÂ(A,W )1, and k ∈ HomÂ(B,X)1 are
odd homogeneous morphisms, in which case we must show that (f⊗̂g)◦̂(h⊗̂k) =
−(f ◦̂h)⊗̂(g◦̂k). This reduces to showing that the following diagram
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A⊗B pi ⊗W ⊗ pi ⊗X pi ⊗ pi ⊗W ⊗X
pi ⊗ pi ⊗ Y ⊗ pi ⊗ pi ⊗ Z pi ⊗ pi ⊗ pi ⊗ Y ⊗ pi ⊗ Z W ⊗X
Y ⊗ pi ⊗ pi ⊗ Z pi ⊗ Y ⊗ pi ⊗ Z
Y ⊗ Z pi ⊗ pi ⊗ Y ⊗ Z
h⊗k id⊗βW⊗id
id⊗f⊗id⊗g −ξ⊗idid⊗f⊗g
id⊗βpi⊗Y ⊗id
ξ⊗id −ξ⊗id
f⊗g
id⊗ξ⊗id
βY ⊗id
id⊗βY ⊗id
−ξ⊗id
is supercommutative. The top cell commutes by naturality of β, while the right
cell commutes by naturality of −ξ. Since (pi, β) is in the centre Z(A), the diagram
pi ⊗ pi ⊗ Y
pi ⊗ Y ⊗ pi
pi ⊗ pi ⊗ Y
βpi⊗Y
idpi⊗βY
βpi⊗id
is commutative. Recalling that βpi = −idpi⊗pi, we get that the middle cell com-
mutes by naturality of β. The bottom cell supercommutes by comparison with
Equation (6).
Lemma 4.10 ([BE16, Lemma 5.4]). Let (L, pi, ζ) be a Π-complete superfusion
category, and define
G : (̂L)→ L
X 7→ X
f ∈ Hom
(̂L)(X,Y ) 7→
{
f ∈ HomL(X,Y )0 if f even
lY ◦ (ζ ⊗ idY ) ◦ f ∈ HomL(X,Y )1 if f odd
where f is a homogeneous morphism. Then G is an isomorphism of superfusion
categories.
Proof. Observe that G is a bijection on objects and morphisms, so it remains to
show that G respects composition and the tensor product. Let f ∈ Hom
(̂L)(X,Y )
and g ∈ Hom
(̂L)(Y, Z) be homogeneous morphisms in L. We only consider the
most interesting case when f and g are both odd. In this case, G(g) ◦ G(f) is
given by the composition
X
f−→ pi ⊗ Y ζ⊗idY−−−−→ 1⊗ Y lY−→ Y g−→ pi ⊗ Z ζ⊗idZ−−−−→ 1⊗ Z lZ−→ Z
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while G(g◦̂f) is given by the composition
X
f−→ pi ⊗ Y idpi⊗g−−−−→ pi ⊗ (pi ⊗ Z) a(pi,pi,Z)
−1
−−−−−−−→ (pi ⊗ pi)⊗ Z ξ⊗idZ−−−−→ 1⊗ idZ lZ−→ Z
and we must show these are equal. Indeed, g ◦ lY ◦ (ζ ⊗ idY ) = −lpi⊗Z ◦ (ζ ⊗
idpi⊗Z)◦ (idpi⊗g) by supernaturality, and so it remains to show that the following
diagram
pi ⊗ Y 1⊗ Y Y
pi ⊗ (pi ⊗ Z) 1⊗ (pi ⊗ Z) pi ⊗ Z 1⊗ Z
(pi ⊗ pi)⊗ Z (1⊗ pi)⊗ Z (1⊗ 1)⊗ Z
ζ⊗idY
idpi⊗g id1⊗g
lY
g
a(pi,pi,Z)−1
ζ⊗idpi⊗Z
a(1,pi,Z)−1
lpi⊗Z ζ⊗idZ
(ζ⊗idpi)⊗idZ
lpi⊗idZ
−(id1⊗ζ)⊗idZ
l1⊗idZ
is commutative, where we have used that ξ = −l1 ◦ (id1 ⊗ ζ) ◦ (ζ ⊗ idpi). The top
left cell supercommutes by supernaturality of ζ, the top right cell commutes by
naturality of l, the bottom left cell commutes by naturality of a, the bottom tri-
angle commutes by the triangle axiom, and the bottom right cell supercommutes
by naturality of ζ. Thus G(g◦̂f) = G(g) ◦G(f).
Similarly, one can check that if f ∈ Hom
(̂L)(W,Y ) and g ∈ Hom(̂L)(X,Z) then
G(f⊗̂g) = G(f)⊗G(g). As before, we only consider the case where f and g are
homogeneous odd morphisms. In this case, we have
G(f)⊗G(g) = (lY ◦ (ζ ⊗ idY ) ◦ f)⊗ (lZ ◦ (ζ ⊗ idZ) ◦ g)
= −(lY ⊗ lZ) ◦ ((ζ ⊗ idY )⊗ (ζ ⊗ idZ)) ◦ (f ⊗ g)
by the super interchange law. By comparing this with the definition of G(f⊗̂g),
it suffices to show that the following diagram
pi ⊗ Y ⊗ pi ⊗ Z Y ⊗ Z
pi ⊗ Y ⊗ Z
pi ⊗ pi ⊗ Y ⊗ Z pi ⊗ Y ⊗ Z
id⊗ζ⊗id
−ζ⊗id⊗ζ⊗id
ζ⊗id
id⊗ζ−1⊗id
ζ⊗id
ζ⊗id
is commutative, where we have again used that −ξ = l1 ◦ (id1 ⊗ ζ) ◦ (ζ ⊗ idpi).
The top triangle supercommutes by the super interchange law, while the bottom
cell supercommutes by supernaturality of ζ, and so G(f⊗̂g) = G(f)⊗G(g). 
Thus every Π-complete superfusion category can be obtained from a fusion
category over sVect by the above construction. In fact, it is shown in [BE16] that
the functorG described above forms part of an equivalence between the category of
fusion categories over sVect and the category of Π-complete superfusion categories.
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5. The underlying fusion category
Definition 5.1. Let C be a superfusion category, and let C+pi be the underlying fu-
sion category of the superadditive envelope of C (see Definition 4.5 and Definition
4.6). We call C+pi the underlying fusion category of C.
In this section, we give an explicit formula for the 6j-symbols of C+pi in terms of
the fermionic 6j-symbols of C. Recall that for X,Y ∈ C and a, b ∈ Z/2Z, we have
HomC+pi (X
a, Y b) = HomC(X,Y )a+b
If f : X → Y is a homogeneous morphism in C and a+ b = |f |, then we denote by
f
b
a the corresponding morphism Xa → Y b in C+pi . The tensor product of objects
and morphisms in C+pi is defined by
Xa ⊗ Y b := (X ⊗ Y )a+b
f ba ⊗ gdc := (−1)d|f |(f ⊗ g)b+da+c
From Lemma 4.8 we get that (C+pi ,11, β, ξ) is a fusion category over sVect, where
βXa = (−1)a · (l−1X ◦ rX)a+1a+1 : Xa ⊗ 11
∼−→ 11 ⊗Xa, Xa ∈ C+pi
and
ξ = (l1)
0
0 : 1
1 ⊗ 11 ∼−→ 10
Let Xi, i ∈ I be a set of representatives of isomorphism classes1 of simple objects
in a superfusion category C. Define
(8) J = {(i, a) ∈ I × Z/2Z such that a = 0 if Xi is Majorana}
We denote the element (i, a) ∈ J by ia. The isomorphism classes of simple objects
in C+pi are labelled by J . Indeed, suppose Xi is Bosonic, then we have a pair of
non-isomorphic simple objects X
0
i and X
1
i in C+pi corresponding to the labels i0
and i1 respectively. If Xi is Majorana, then X
0
i and X
1
i are isomorphic in C+pi , so
we choose X
0
i as our representative simple object, and label it by i
0.
Remark 5.2. If C is a Bosonic superfusion category, then the underlying fusion
category C+pi has twice as many simple objects (up to isomorphism) as C, labelled
by J = I × Z/2Z.
Example 5.3. Let C be a Bosonic pointed superfusion category, as in Example
3.10. The underlying fusion category C+pi is pointed, so let Gω denote the (finite)
group of isomorphism classes of simple objects in C+pi . As a set, we have Gω =
1We say that two objects in a superfusion category lie in the same isomorphism class if there
is a (not necesssarily even) isomorphism between them.
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Z/2Z × G, though we would like to describe the group structure on Gω. The
isomorphisms e(g, h) : Xg ⊗Xh ∼−→ Xgh in C induce isomorphisms in C+pi
e(ga, hb) = (e(g, h))
a+b+ω(g,h)
a+b : X
a
g ⊗Xbh
∼−→ Xa+b+ω(g,h)gh
for all ga, hb ∈ Gω, and so the group structure on Gω is given by
ga · hb := (gh)a+b+ω(g,h)
and so Gω is the central extension of G by Z/2Z determined by the 2-cocycle ω.
5.1. 6j symbols in C+pi . Let C be a superfusion category, and let J label the simple
objects in C+pi , as described in (8). Let ia, jb,mc ∈ J , and suppose that (i, j,m, α)
is an admissable quadruple in C. If c = a + b + sijm(α) then eijm : Xi ⊗Xj → Xm
induces a morphism
X
a
i ⊗Xbj → Xcm
in C+pi , in which case (ia, jb,mc, α) is an admissable quadruple in C+pi . This implies
that every admissable quadruple in C+pi can be written unambiguously in the form
(ia, jb,m, α)
where ia, jb,ma+b+s
ij
m(α) ∈ J and (i, j,m, α) is an admissable quadruple in C. In
the same way, every admissable decuple in C+pi can be written unambiguously as
(ia, jb,m, kc, n, t, α, β, η, ϕ)
where ia, jb, ma+b+s
ij
m(α), tb+c+s
jk
t (η), na+b+c+s
ij
m(α)+s
mk
n (β) ∈ J , and (i, j,m, k, n, t, α, β, η, ϕ)
is a parity admissable decuple in C.
Definition 5.4. Let C be a superfusion category, and C+pi its underlying fusion
category. If (ia, jb,m, kc, n, t, α, β, η, ϕ) is an admissable decuple in C+pi , let
F i
ajbm,αβ
kcnt,ηϕ := (−1)cs
ij
m(α)F˜ ijm,αβknt,ηϕ .
If (ia, jb,m, kc, n, t, α, β, η, ϕ) is not admissable, then let F i
ajbm,αβ
kcnt,ηϕ = 0.
We claim that the symbols defined above are in fact the 6j-symbols of C+pi .
Indeed, they satisfy the following version of the pentagon equation.
Theorem 5.5 (Pentagon equation). Let C be a superfusion category with simple
objects indexed by a set I, and C+pi the underlying fusion category. Then
(9)
∑
t∈I
Njkt∑
η=1
N itn∑
ϕ=1
Ntls∑
κ=1
F i
ajbm,αβ
kcnt,ηϕ F
iatb+c+s
jk
t (η)n,ϕχ
ldps,κγ
F j
bkct,ηκ
ldsq,δφ
=
Nmqp∑
=1
Fm
a+b+s
ij
m(α)kcn,βχ
ldpq,δ
F i
ajbm,α
qc+d+s
kl
q (δ)ps,δγ
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for all i, j, k, l,m, n, t, p, q, s ∈ I, a, b, c ∈ Z/2Z, and α, β, η, χ, δ, φ ∈ Z≥0.
Proof. By combining our definition (5.4) with the super pentagon equation (5),
we have the equality
∑
t∈I
Njkt∑
η=1
N itn∑
ϕ=1
Ntls∑
κ=1
(−1)csijm(α)+dsitn (ϕ)+dsjkt (η)F ijm,αβknt,ηϕ F itn,ϕχlps,κγ F jkt,ηκlsq,δφ
= (−1)sijm(α)sklq (δ)
Nmqp∑
=1
(−1)dsmkn (β)+(c+d+sklq (δ))sijm(α)Fmkn,βχlpq,δ F ijm,αqps,δγ
and thus it suffices to show that
csijm(α) + ds
it
n (ϕ) + ds
jk
t (η) = s
ij
m(α)s
kl
q (δ) + ds
mk
n (β) + (c+ d+ s
kl
q (δ))s
ij
m(α)
for all admissable decuples (ia, jb,m, kc, n, t, α, β, η, ϕ) in C+pi . This immediately
reduces to showing that
dsitn (ϕ) + ds
jk
t (η) = ds
mk
n (β) + ds
ij
m(α)
which holds by the parity compatibility condition (4). 
Remark 5.6. Our definition of the 6j-symbols in C+pi can be recovered directly
from the construction of C+pi , in which case Theorem 5.5 can be viewed as a
corollary of the pentagon axiom in C+pi . Indeed, for each admissable quadruple
(ia, jb,m, α) in C+pi , let
(10) ei
ajb
m (α) :=
(
eijm(α)
)a+b+sijm(α)
a+b
: X
a
i ⊗Xbj → Xa+b+s
ij
m(α)
m
For ease of notation, set d = a+ b+ sijm(α) and e = a+ b+ cs
ij
m(α) + smkn (β), then
(1) is given by
(11) (X
a
i ⊗Xbj )⊗Xck
ei
ajb
m (α)⊗idXc
k−−−−−−−−−→ Xdm ⊗Xck
em
dkc
n (β)−−−−−−→ Xen
where we have
(12) ei
ajb
m (α)⊗ idXck = (−1)
csijm(α)
(
eijm(α)⊗ idXk
)c+d
a+b+c
by definition of the tensor product on C+pi . Next, fix an admissable quadruple
(jb, kc, t, η). The composition (2) is given by
(13)
(X
a
i ⊗Xbj )⊗Xck
a(X
a
i ,X
b
j ,X
c
k)−−−−−−−−→ Xai ⊗ (Xbj ⊗Xck)
id
X
a
i
⊗ejbkct (η)−−−−−−−−−→ Xai ⊗X
f
t
ei
at
f
n (ϕ)−−−−−→ Xen
where f = b+ c+ sjkt (η). We compute
(14) idXai
⊗ ejbkct (η) =
(
idXi ⊗ ejkt (η)
)a+f
a+b+c
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and so the compositions (11) and (13) in C+pi are induced by the corresponding
compositions (1) and (2) in C up to a factor of (−1)csijm(α), as expected.
Example 5.7. Let C be a Bosonic pointed superfusion category, as in Examples
3.10 and 5.3. For all ga, hb, kc ∈ Gω we can unambiguously write F (ga, hb, kc) ∈
k× for the corresponding 6j-symbol in C+pi . With this notation Theorem 5.4 implies
F (ga, hb, kc) = (−1)cω(g,h)F˜ (g, h, k)
for all ga, hb, kc ∈ Gω. The pentagon equation (9) implies that F is a 3-cocycle
on Gω with values in k
×.
Viewing G as the subset of Gω consisting of elements of the form g
0, we have
the following corollary.
Corollary 5.8. Let F˜ : G3 → k× be a 3-supercocycle on G with 2-cocycle ω.
Then there exists a 3-cocycle F : G3ω → k× on Gω such that
F |G3 = F˜
In other words, every 3-supercocycle on G arises as the restriction of a 3-cocycle
on a central extension of G by Z/2Z.
6. Applications
In this section, we describe some applications of the theory of fusion categories
to that of superfusion categories. In particular, we define the pi-Grothendieck ring
of a superfusion category, and prove a version of Ocneanu rigidity for superfusion
categories.
6.1. Superforms. Let D be a Π-complete superfusion category. A superform of
D is a superfusion category C such that C ' D are equivalent (but not necessarily
superequivalent) superfusion categories. Our goal is to prove the following.
Proposition 6.1. A Π-complete superfusion category D has only finitely many
superforms, up to superequivalence of superfusion categories.
To show this, the following notion will be useful.
Definition 6.2. Let C and D be superfusion categories, and F : C → D a tensor
superfunctor. Its even essential image F (C) is the full subcategory of D consisting
of objects evenly isomorphic to F (X) for some X ∈ C.
Recall that a tensor superfunctor F : C → D is a superfunctor such that
F (1C) is evenly isomorphic to 1D, together with an even natural isomorphism
cX,Y : F (X) ⊗ F (Y ) ∼−→ F (X ⊗ Y ) satisfying the usual diagram (see [EGNO15,
§2.4]). Observe that F (C) is a full tensor subcategory of D. Indeed given Y, Y ′ ∈
F (C), there exists X,X ′ ∈ C such that F (X) ∼−→ Y and F (X ′) ∼−→ Y ′ are evenly
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isomorphic. Then F (X⊗X ′) ∼−→ F (X)⊗F (X ′) ∼−→ Y ⊗Y ′ is an even isomorphism,
whence Y ⊗ Y ′ ∈ F (C).
Lemma 6.3. If F : C → D is an equivalence of superfusion categories, then C
is determined (up to superequivalence) by F (C). More precisely, if G : A → D
is an equivalence of superfusion categories with G(A) = F (C), then A and C are
superequivalent superfusion categories.
Proof. If X ∈ A, then G(X) ∈ G(A) = F (C), so there exists XC ∈ C such
that F (XC)
∼−→ G(X) are evenly isomorphic. For each X ∈ A, we pick such a
XC ∈ C together with an even isomorphism qX : F (XC) ∼−→ G(X). We define a
superfunctor K : A → C as follows. On objects, let K(X) = XC . On morphisms,
if f ∈ HomA(X,Y ) then let K(f) = F−1(q−1Y ◦G(f) ◦ qX), i.e. K(f) is the image
of f under the even isomorphism
HomA(X,Y )
G−→ HomD(G(X), G(Y ))
(q−1Y )∗◦(qX)∗−−−−−−−−→ HomC(F (XC), F (YC)) F
−1−−→ HomC(XC , YC)
It is immediate from K is fully faithful, and functorality of F and G implies K
is a superfunctor. To show that K is a superequivalence, we must show that
K(A) = C. Let Y ∈ C, then F (Y ) ∈ F (C) = G(A) so there exists X ∈ A
together with an even isomorphism G(X)
∼−→ F (Y ), so F (Xc) ∼−→ F (Y ) are evenly
isomorphic. This implies that K(X) = Xc
∼−→ Y are evenly isomorphic, i.e.
Y ∈ K(A). Thus K is a superequivalence.
It remains to endow K with the structure of a monoidal superfunctor. To do
this, we must define even coherence maps JX,Y : K(X) ⊗ K(Y ) → K(X ⊗ Y )
satisfying the usual axioms. Let c and d denote the coherence maps for F and G
respectively. Let ϕX,Y : F (XC ⊗ YC) ∼−→ F ((X ⊗ Y )C) be the composition
F (XC⊗YC)
c−1XC ,YC−−−−→ F (XC)⊗F (YC) qx⊗qy−−−−→ G(X)⊗G(Y ) dX,Y−−−→ G(X⊗Y )
q−1X⊗Y−−−→ F ((X⊗Y )C)
With this notation, let JX,Y := F
−1(ϕX,Y ). It is straightforward to check that
(K,J) satisfies the axioms for a monoidal superfunctor, and so K is a superequiv-
alence of superfusion categories. 
We are now ready to prove the above proposition.
Proof of Proposition 6.1. Let F : C → D be an equivalence of superfusion cat-
egories, where D is Π-complete. Let Yi, i ∈ I be a set of representatives of
simple objects of D. Since F is an equivalence, there exists Xi, i ∈ I such
that F (Xi)
∼−→ Yi. Since D is Π-complete, for each i ∈ I there exists Y ′i ∈ D
such that Yi
∼−→ Y ′i are oddly isomorphic. Fix i ∈ I. If Yi is Majorana, then
HomD(F (Xi), Yi) ' k1|1, so Yi ∈ F (C) and Y ′i ∈ F (C). If Yi is Bosonic, then
the space HomD(F (Xi), Yi) is one-dimensional, either even or odd. So Yi ∈ F (C)
or Y ′i ∈ F (C) (or possibly both). Since the subcategory F (D) is determined by
the choice of Yi or Y
′
i (or both) for all i ∈ I such that Yi is Bosonic, and there
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are finitely many such choices, there are finitely many possibilities for F (C). By
Lemma 6.3, we are done. 
Corollary 6.4. The number of superfusion categories (up to superequivalence) is
countable.
Proof. Ocneanu rigidity [ENO02, Theorem 2.28, Theorem 2.31] implies there are
countably many fusion categories over sVect. Since every Π-complete superfusion
category is the associated superfusion category of a fusion category over sVect,
there are countably many Π-complete superfusion categories. Every superfusion
category is equivalent to a Π-complete superfusion category, so Proposition 6.1
implies the result. 
6.2. pi-Grothendieck ring. Let Zpi = Z[pi]/(pi2 − 1) and Zpi+ = {a+ bpi : a, b ∈
Z≥0} ⊂ Zpi.
Definition 6.5. The pi-Grothendieck group of a supercategory C is the Zpi-module
sGr(C) generated by isomorphism classes of objects [X] in C subject to the relation
that if 0→ X f−→ Y g−→ Z → 0 is a short exact sequence with f and g homogeneous
morphisms, then [Y ] = [X]pi|f | + [Z]pi|g|.
If C is a rigid monoidal supercategory, then the tensor product on C induces an
associative multiplication on sGr(C), given by [X] · [Y ] := [X⊗Y ], making sGr(C)
into a Zpi-algebra.
Definition 6.6. We call sGr(C) the pi-Grothendieck ring of C.
Example 6.7. Let sVectfin denote the monoidal supercategory of finite dimen-
sional superspaces together with all linear maps between them, and let kp|q =
kp ⊕ kq denote the superspace with (kp|q)0 = kp and (kp|q)1 = kq, then
[kp|q] = p[k1|0] + q[k0|1] = (p+ qpi)[k1|0]
in sGr(sVectfin), where we used that [k
0|1] = pi[k0|1]. Since every object in sVectfin
is evenly isomorphic to kp|q for some p and q, this implies that sGr(sVectfin) is
a free Zpi-module, generated by [k1|0]. Moreover, the tensor product on sVectfin
gives
[kp|q][kp
′|q′ ] = [kpp
′+qq′|pq′+qp′ ]
and so sGr(sVectfin) is free as a Zpi-algebra.
Let C be a superfusion category, and Xi, i ∈ I representatives of the isomor-
phism classes of simple objects in C. To each X in C we can canonically associate
the class [X] ∈ sGr(C) given by the formula
(15) [X] =
∑
i
[X : Xi][Xi]
where
(16) [X : Xi] = dim HomC(Xi, X)0 + pi dim HomC(Xi, X)1 ∈ Zpi
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is the multiplicity of Xi in X. The multiplication on sGr(C) is defined by
[Xi] · [Xj ] =
∑
k
[Xi ⊗Xj : Xk][Xk]
Example 6.8. Let I be an Ising braided category, i.e. a braided fusion category
with FPdim(I) = 4 that is not pointed, see [DGNO10, Appendix B]. Such a
category contains precisely 3 isomorphism classes of simple objects: the unit
object 1, an invertible object pi and a non-invertible object X satisfying the fusion
rules:
pi ⊗ pi ' 1, pi ⊗X ' X ' X ⊗ pi, X ⊗X ' 1⊕ pi
The fusion subcategory Iad ⊂ I generated by 1 and pi is braided equivalent to
sVect [DGNO10, Lemma B.11], and thus I is a fusion category over sVect. Let
us consider the associated superfusion category Î.
The isomorphism pi ⊗ pi ' 1 in I induces an odd isomorphism pi ∼−→ 1 in Î.
Similarly, the isomorphism pi⊗X ' X in I induces an odd isomorphism X ∼−→ X
in Î. Thus Î has a Bosonic simple object 1 ∼−→ pi, and a Majorana simple object
X. From the fusion rules, we get the relations
[X] = pi[X], [X]2 = (1 + pi)[1]
in sGr(Î).
Example 6.9 (see [EGNO15, §8.18.2]). Generalising the previous example, take
k ≡ 2 mod 4, and let Ck(q) denote the braided fusion category of integrable ŝl2
modules at level k. This category has simple objects Vi, i = 0, . . . , k with unit
object V0 = 1 and fusion rule given by the truncated Clebsch-Gordan rule:
(17) Vi ⊗ Vj '
min(i,j)⊕
l=max(i+j−k,0)
Vi+j−2l
The fusion subcategory Dk(q) ⊂ Ck(q) generated by 1 and pi := Vk is braided
equivalent to sVect, and so Ck(q) is a fusion category over sVect. Let Ck := Ĉk(q)
denote the associated superfusion category.
Since pi⊗Vi ' Vk−i in Ck(q) for all i = 0, . . . , k, we have Vi ∼−→ Vk−i in Ck. Thus
Ck(q) has k/2 Bosonic simple objects V0, V1, . . . , Vk/2−1, and a single Majorana
simple object Vk/2.
Finally, we arrive at the following version of Ocneanu rigidity for superfusion
categories.
Corollary 6.10. The number of superfusion categories (up to superequivalence)
with a given pi-Grothendieck ring is finite.
Proof. Fix a superfusion category C, and suppose that D is a superfusion category
with sGr(C) ' sGr(D). We will show that there are finitely many possibilities
for D, up to superequivalence. Since sGr(C) ' sGr(D), the underlying fusion
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categories C+pi and D+pi have isomorphic Grothendieck rings. By Ocneanu rigidity
[ENO02, Theorem 2.28], there are finitely many fusion categories with a given
Grothendieck ring, and moreover each of these fusion categories A admits only
finitely many tensor functors sVect→ Z(A) [ENO02, Theorem 2.31], hence there
are finitely many fusion categories over sVect with Grothendieck ring isomorphic
to Gr(C+pi ). Lemma 4.10 then implies that there are finitely many possibilties
for D+pi up to superequivalence, so by Proposition 6.1 there are finitely many
possibilities for D up to superequivalence. 
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